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THE DONALDSON-THOMAS THEORY OF K3 x E VIA THE 
TOPOLOGICAL VERTEX. 


JIM BRYAN 


Abstract. Oberdieck and Pandharipande conjectured (3 that the curve counting invari¬ 
ants of S X E, the product of a X3 surface and an elliptic curve, is given by minus the 
reciprocal of the Igusa cusp form of weight 10. For a fixed primitive curve class in S of 
squai'e 2h — 2, their conjecture predicts that the con'esponding partition functions are given 
by meromorphic Jacobi forms of weight —10 and index h — 1. We prove their conjecture 
for primitive classes of square -2 and of square 0. 

Our computation uses reduced Donaldson-Thomas invariants which are defined as the 
Behrend function weighted Euler characteristics of the quotient of the Hilbert scheme of 
curves in 5 x by the action of E. Our technique is a mixture of motivic and tone 
methods (developed with Kool in di) which allows us to express the paiTition functions in 
terms of the topological vertex and subsequently in terms of Jacobi forms. 


1. Overview 

Let X = S X E where S is a K3 surface and E is an elliptic curve. In ||9l, Oberdieck 
and Pandharipande conjectured that the partition function for the curve counting invariants 
of X is given by —1/xio. minus the reciprocal of the Igusa cusp form of weight 10. The 
relevant curve counting invariants include modified versions of Gromov-Witten invariants 
and stable pairs invariants. In this paper, we define modified Donaldson-Thomas invariants 
of X. Our definition is given by taking the Behrend function weighted Euler characteristic 
of the quotient of the Hilbert scheme of curves on X by the action of the elliptic curve. 
Our invariants are expected to be equal to the invariants defined via stable pairs in jOj. 

We employ an approach to computing these invariants which uses a mixture of motivic 
and toric methods (technology developed with M. Kool in Q). We show that these meth¬ 
ods yield complete computations for the partition functions of X in the case where S is 
K3 surface with a primitive curve class of square —2 or of square 0. The resulting partition 
functions are given by the Jacobi forms E~'^A~^ and —24 pA~^ respectively where F 
is a Jacobi theta function, A is the discriminant modular form, and p is the Weierstrass p 
function. This agrees with the prediction from by the Oberdieck-Pandharipande conjecture 
thus proving their conjecture for primitive curve classes in the K3 of square —2 or 0. 

Our general computational strategy is the following. Donaldson-Thomas invariants are 
given by weighted Euler characteristics of Hilbert schemes. We stratify the Hilbert scheme 
using the geometric support of the curves and we compute Euler characteristics of strata 
separately. Many of the strata acquire actions of E or C* (that were not present globally) 
and we restrict to the fixed point loci. We are able to further stratify the fixed point loci 
and those strata sometimes acquire further actions. Iterating this strategy, we reduce the 
computation to subschemes which are formally locally given by monomial ideals. These 
are counted using the topological vertex. New identities for the topological vertex lead to 
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closed formulas. We use the Hall algebra techniques of Joyce-Song and Bridgeland ciia 
to incorporate the Behrend function into this strategy. 

Acknowledgements. I’d like to thank George Oberdieck, Rahul Pandharipande, and Yin 
Qizheng for invaluable discussions. I’d also benefited with discussions with Tom Coates, 
Martijn Kool, Davesh Maulik, Tony Pantev, Balazs Szendroi, Andras Szenes, and Richard 
Thomas. The computational technique employed in this paper was developed in collabo¬ 
ration with Martijn Kool whom I owe a debt of gratitude. I would also like to thank the 
Institute for Mathematical Research (FIM) at ETH for hosting my visit to Zurich. 


2. Definitions and conjectures 

Let X be an arbitrary non-singular Calabi-Yau threefold over C. One can define Donaldson- 
Thomas curve counting invariants by taking weighted Euler characteristics of the Hilbert 
scheme of curves in X. Let 

Hilb^’"(X) = {ZCX: [Z]=P€ H 2 {X), n = x(Oz)} 

be the Hilbert scheme of proper subschemes of X with fixed homology class and holomor- 
phic Euler characteristic. 

The Behrend function is a integer-valued constructible function associated to any scheme 
over C. One can define the Donaldson-Thomas invariants of X by 

DTp^^{X) = Y,k-e{v-\k)) 

k^’L 


where 

1/ : Hilb^’"(A:) ^ Z 

is the Behrend function m. 

It will be notationally convenient to treat an Euler characteristic weighted by a con¬ 
structible function as a Lebesgue integral, where the measurable sets are constructible sets, 
the measurable functions are constructible functions, and the measure of a set is given by 
its Euler characteristic. In this language, one writes 

DTp^niX) = [ vde. 


Eor proper X, DTj 3 ^n{X) as defined above is invariant under deformations of X. 
We now consider 


X = S X E 


where S' is a non-singular K3 surface with a primitive curve class /3 of square 

/32 = 2h-2. 


We call h the genus of the Ki surface. Let 

l3 + dE& H2{X) 

denote the class where is : S ^ X andis; : E ^ X are the inclusions 

obtained from choosing points s € S and e € E. 

The Donaldson-Thomas invariants DTpj^dE,n{X) are all zero. This can be seen in two 
different ways: 
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(1) The action of E on is fixed point free, consequently its (Behrend 

functiorQ weighted) Euler characteristic is zero. 

(2) There exists deformations of S which make /3 non-algebraic. Under this deforma¬ 
tion, the Hilbert scheme Hilb^~'’‘^'®’"'(X) becomes empty. Since DTp+dE,n{X) is 
deformation invariant it must be zero. 

Remarkably, the above two issues can be solved simultaneously by taking the weighted 
Euler characteristic of the quotient of the Hilbert scheme. 

Definition 2.1. The reduced Donaldson-Thomas invariants of X are defined by 



P+dE ,n(.X) = vde 

Jm\hP+'^’^’^{X)/E 

where v ; Hilb^~'’'^^’"(X)/£' —>■ Z is the Behrend function of the quotient. Note that 


we denote the reduced invariants with the san serif font DT, while the ordinary invariants 
have the ordinary font DT. 

Conjecture 2.2. The number DT p.^.|iE,niX) is invariant under deformations of X which 
keep the class (3 + dE algebraic. 

Proof sketch: The Hilbert scheme Hilb^“'''^^’"(X) admits a (—l)-shifted symplectic 
structure coming from viewing it as a moduli space of rank 1 sheaves on X with trivial¬ 
ized determinant El. Taking the (—l)-symplectic quotient of the Hilbert scheme by the 
action of E yields a (—l)-symplectic space whose underlying space is Hilb^~'’'^^’”(X)/£^ 
(the moment map affects the derived structure, but not the classical space). As with any 
(—l)-shifted symplectic structure, this shifted symplectic structure gives rise to a sym¬ 
metric obstruction theory whose associated virtual class has degree equal to the Behrend 
function weighted Euler characteristic of underlying scheme. The effect of taking the zeros 
of the moment map in the symplectic quotient construction is to remove from the obstruc¬ 
tion space those obstructions to deforming the class to a non-algebraic class. Note that 
these obstructions are dual to the deformations of a subscheme given by the action of E. 
The resulting virtual class on Hilb^~'’'^^’”(X)/£' should be invariant under deformations 
preserving the algebraicity of 13. 

Up to deformation, a curve class on a iT3 surface is determined by its square and divis¬ 
ibility, so by our assumption that (3 is primitive, it only depends on h up to deformation. 
We thus streamline the notation by writing; 


^'^h,d,n{X) := DTp+dE,n{X) 


and we also write 


Hilb'*’'^’"(X) := Hilb'^+‘^^’”(X). 


We also consider the related (but not a priori deformation invariant) quantity given by 
unweighted Euler characteristics. 


DTh,d,n{X) 


L 




1 de. 


^The value of the Behrend function at a closed point of a scheme only depends on the local ring of that point, 
therefore the Behrend function of a scheme is invariant under any group action. 
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We define partition functions as follows 


DT(X)= ^ DTh{X)q^-^ 

h—0 

h,d>0 


DT(X)= ^ DThiX)q'^-^ 

h—0 

h,d>0 

n^Z 


We remark that our convention for the q and q variables is the opposite from Oberdieck 
and Pandharipande’s, however there is a conjectural symmetry q q and so this differ¬ 
ence should not be seen in the formulas. To be precise, the Donaldson-Thomas version of 
Oberdieck and Pandharipande’s conjecture is the following. 


Conjecture 2.3. Let xw be the Igusa cusp form of weight 10, then 


DT(X) = 


1 

Xio 


Explicitly, we can write 


raSZ {d,h)>{0,0) 


where the integers c(k) are given as the coefficients of Z, the elliptic genus of the K3 
surface: 

Z{p, q) = -24pT’2 = EE c(4d - 

n^Z d>0 

Here F is a Jacobi theta function and p is the Weierstrass p-function, namely 

= p ft 

g - py iii (1 - pq'"? (1 - p-^q'^f 


and 

^ d=l \k\d ) 

Expanding —Xio a series in q, one obtains predictions for each DT/j(X) in terms 
of Jacobi forms of weight -10 and index h — 1 (see ||9] page 10]). The main result of this 
paper is the following theorem. 


Theorem 2.4. The Oberdieck-Pandharipande conjecture holds for Ki surfaces with a 
primitive, generi^ curve class of square —2 or 0. Namely, the series DT h{X) for h = 0 


^If we a.ssume Coniecture l2.2l then this genericity assumption can be removed. 
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and h — \ is given by the following Jacobi forms 



DTi(X) = -24L 


Explicitly, the series are given by: 



m—1 


oo 


oo 


DTi(X) =-24g-i 


12 {1-pY 


+ EE^(p"-2 + P'") 


m—1 


d—1 k\d 


3. Preliminaries and notation. 


Our aim is to compute DT/i(X) for h = 0 and h = 1. We begin by computing DTft,(X) 
and then discuss how to modify the argument to include the Behrend function in section|6] 

Euler characteristic is motivic; it defines a homomorphism from i4ro(Varc), the Grothendieck 
group of varieties over C, to the integers. We define 




which we regard as an element in /fo(Varc)((p))[[g]]. We will use this convention through¬ 
out; 

Convention 3.1. When an index is replaced by a bullet, we will sum over the index, multi¬ 
plying by the appropriate variable. 

We see that with our notation 



Definition 3.2. Let ps and pe be the projections of X = S x E onto each factor and let 
C G X be an irreducible curve. We say that C is vertical if pe '. C ^ E is degree zero 
and we say C is horizontal if ps : C ^ S is degree zero. If both maps are of non-zero 
degree, we say C is diagonal. See Figure\i\ 

We will assume that X = S x E where S is generic among surfaces admitting a 
primitive class /3 of square 2h — 2. In particular, /3 is an irreducible class. 

Since /3 is an irreducible class, any subscheme Z corresponding to a point in Hilb^’‘^’"(X) 
must have a unique component Cq C Z which is either a vertical or a diagonal curve with 
all other curve components of Z being horizontal. Subschemes with Cq diagonal cannot 
deform to subschemes with Cq horizontal and so we get a decomposition of the Hilbert 
scheme into disjoint components corresponding to subschemes with vertical and diagonal 
components respectively; 


Hilb?*,d.n(^) ^ Hilb^’rt’”(X) U Hilbji3g’”(X) 


Diagonal curves do not appear in the h = 0 case, but do occur for h > 1. 
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Figure 1. A vertical curve (orange) contained in the slice S x {xq} 
(light grey), a diagonal curve (pink), and two horizontal curves (green). 



Figure 2. Subschemes in S' x E’ up to translation. Horizontal curves 
(pink) can have nilpotent thickenings (blue), and there can be embedded 
and floating points (gray). The unique vertical curve Co (green) lies in 
S X {tco} and is generically reduced. 



4. Computing DTii(X) in the case h = Q. 

We now consider the case where h = 0. The K3 surface S has a single curve Co = 
in the class /3. There are no diagonal curves since such a curve would have geometric genus 
0 but also admit a non-constant map to E. 

We fix a base point xq € E. We can fix a slice for the action of E on Hilb°’‘^’"(X) 
by requiring that the unique vertical curve lies in S x {a;o}. We denote the slice with the 
subscript “fixed”. 

HiibO.d.n(^)/^ ^ Hilb°;^j"(A:) C Hilb°’'^’"(X). 

The points in Hilb^J^gj" {X ) correspond to subschemes Z C X given by unions of the curve 
Co X {xo} with horizontal curves whose support is of the form {points x E}, but may have 
nilpotent thickenings. The subscheme Z also potentially has embedded points as well as 
zero dimensional components away from the curve support (see Figure|2]i. 

As a consequence of the above geometric description, we see that any such subscheme 
is a disjoint union of a subscheme of Xcqxe, the formal neighborhood of Co x E in X, 
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and X — (Co x E). This leads to a decomposition of the Hilbert scheme into strata given by 
products of Hilbert schemes of subschemes of Xcoxe and subschemes of X — (Co x E). 
Using our bullet convention, this can be efficiently expressed as follows. 

(1) m\h° ' '{X)/E = Hilb°’*’*(X - (Co X E)) ■ Hilb°;:; (Xcoxe) 
where as before the subscript “fixed” indicates that we are restricting to the sublocus 

Hilboiei" (^Coxe) C Hilb°’^-" (Icoxe) C Hilb°-''’"(X) 

parameterizing subschemes where the unique vertical curve is Co x {a;o}. 

Note that d (the degree in the E direction) and n (the holomorphic Euler characteristic) 
are both additive under the disjoint union which allows us to express the decomposition as a 
product of Grothendieck group valued power series as above. Taking Euler characteristics 
of the above series, we hnd 

(2) q DJoiX) = e (Hilb°^’'’(X - Co X C)) • e (Hilb^;:;^* (Xcoxe) ) ■ 

Note that the action of C on X — Co x E induces an action on Hilb°’'^’”(X — Co x 
E). This “new” E action is possible because the “fixed” condition lives entirely in the 

Hilb^^gj" (^Xcqxe'^ factors (which do not have E actions). 

The Euler characteristic of a scheme with a free E action is trivial and so 

e (Hilb°’'^’"(X - Co X C)) = e (^Hilb°’‘^’”(X - Co x . 

The C-fixed locus Hilb°’‘^’"(X — Co x E)^ parameterizes subschemes which are invariant 
under the E action. Such subschemes are of the form Z x E where Z C 5* — Cq is a zero¬ 
dimensional subscheme of length d. Such subschemes have n = x{^zxe) = 0 and so 

C OO 

^ Hilb'^(S'- Co) / 

oo 

( 3 ) 

m—l 

Here we have used Gottsche’s formula for the Euler characteristics of Hilbert schemes of 
points of surfaces; the 22 appearing in the exponent is the Euler characteristic of the surface 
S-Co. 

To compute e (Hilb°;*j* {Xco xe)^ , we begin by noting that there is a morphism 
Pd ■■ Hilb°(t”(^CoxE) ^ Sym‘'(Co) 

given by the intersection (with multiplicity) of the horizontal components of a curve with 
the vertical curve Co. In other words, a scheme whose curve support is Co {yt x E) 
with multiplicity along yi x E is mapped to ^iiJi ^ Sym‘^(Co) (see Eigurej^l. 

We may compute the Euler characteristic of Hilb°(j*j* (Xcoxe) by computing the Euler 
characteristic of Sym‘^(Co), weighted by the constructible function given by the Euler 
characteristic of the hbers of pd- In other words. 
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Figure 3. The map pd : Hilb^^gj"(XcoxB) —>■ Sym‘^(C'o) records the 
location and multiplicity of the horizontal curve components. 


XcoxE 


\ 



\ 
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Co X {xo} 


Co 


atUi 


■> 


Hi 

-I 


1 de 


(pd)*(l) de. 


Sym'^ Co 


Writing 


Sym* Co = ^ Sym"^ Co < 


d=0 


and extending the integration to the • notation in the obvious way, we get 


(4) 


(Hilbf°;td*(^Cox£;)) = / P*(l) de 

^ ' J Sym* Co 


where the constructible function p* (1) takes values in Z((p)) and is given by 


P*{CjC^a^yi) = e{^ 


We will prove that p*(l) only depends on the multiplicities of the points in the symmet¬ 
ric product, not their location. 


Proposition 4.1. There exists a universal series F(a) G '^[[p]] such that the constructible 
function p*(l) is given by 

p^l) 

Deferring the proof of the proposition for the moment, we apply the following lemma 
regarding weighted Euler characteristics of symmetric products. 

Lemma 4.2. Let T be a scheme and let Sym*(T) = bym'^(T) q'^. Suppose that 

G is a constructible function on Sym‘^(T) of the form G(^j Uit/i) = Hi where by 
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convention g(0) = 1. Then 


[ G de = 

Jsym’ T 



This lemma is a consequence of the fact that symmetric products define a pre-lambda 
ring structure on the Grothendieck group of varieties and the Euler characteristic homo¬ 
morphism is compatible with that structure. An elementary proof is given in a. 

Applying Lemma l4^ to Proposition l4. H and combining with equations (|2l), Q, and (IHi 
and we see that 

C oo \ ^ oo 

a=0 / m=l 

To finish the computation of DTo(Ai), we need to prove Proposition 14.11 and compute 
the series J2a 


4.1. Proof of Proposition l4.1 l and the computation of ^ F (a 1 . Thefiberp 
parameterizes subschemes supported on Xcqxe which have fixed curve support 

Gq X xq Uj {t/i} X E 

where the multiplicity of the subscheme along {yi] x E is Oi. Such a subscheme is 
uniquely determinecQ by its restriction to the formal neighborhoods and their 

complement U in Xcoxe- The resulting stratification leads to a product decomposition 
for the Grothendieck group valued power series atyi) giving the product formula 

in Proposition l4.ll The factor p(l — p)~^ comes from the contribution of U and it is the 
series for the Hilbert scheme of subschemes of Xcqxe with fixed curve support Go x Xq 
(no curves in the E direction). The moduli for this Hilbert scheme comes from floating 
points and embedded points (see a for details). 

The series E{a) is given by 

F{a) = {l-p)-e (Hilb°’“’* (^{,,}xe)) 

where 

Hilb°’“’’ C Hilb°’“’’(X) 

is the locus parameterizing subschemes Z whose curve support is given by the union of 
Co X {a:o} and an a-fold thickening of {yi} x E and such that all embedded points of 
Z are supported on The prefactor (1 — p) comes from the contribution of the 

complement U: the overall contribution of U is given by p(l — p)~‘^^’‘ where I is the 
number of yds and so we have redistributed the I copies of (1 — p) into the E{ai) factors. 
Since 

X{y^}xE = Spec(C[[M,u]]) X C, 


This follows from fpqc descent since the set U and the sets j. ^ £ fonn a fpqc cover. Since Co x xq is 
reduced there are no conditions on the overlaps of the cover. Thus the subscheme is uniquely determined by its 
restriction to the cover. 
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we get an action of (C*)^ on the corresponding Hilbert scheme. Only the (C*)^ fixed 
points contribute to the Euler characteristic so 

F{a) = {l-p)-e ^ ) 

= (l-p)E®(Hilb°’“’* (^{vJxij)) 

aha 


where Hilb°’“’* (X{y,} parameterizes subschemes whose curve component is the 
unique curve given by the union of Cq x {xq} and Za x E where Za C Spec(C[[M, u]]) 
is the length a subscheme given by the monomial ideal determinecfl by the partition aha. 

To compute e ^Hilb°’“’* (^X^y.y xE^'^ we can now integrate over the fibers of the con- 
structible morphism 

a:Hilb°’“’* (%}x£;) ^ Sym* i? 

which is defined by recording the length and locations of the embedded points. We thus 
get 

/ de= cr*(l)c?e. 

Jsym’E 

The constructible function cr* (1) is a product of local contributions which only depend on 
the length of the embedded point and whether or not the location of the embedded point 
is xq or not (recall that Xq is where the curve Cq x {a:o} is attached to the curve Z^ x E 
). Writing the series for the local contributions at Xq and at the general point as \/(D(i)a{p) 
and \/(j)$a{p) respectively, and applying Lemmawe get 


/ a4l)de = (V0(i)„(p)) • (V00„(p))®^^ 

J Sym* E 

^ V0(l)a(p) 

V00a(p) 

The above naming of the local contributions is not accidental — the generating func¬ 
tions for the contributions are given by the topological vertex. In general, the topological 
vertex defined as the generating function of the Euler characteristics 

of the Hilbert schemes Hilb" ^Cg, {pi, fj, 2 , which by definition parameterize sub¬ 

schemes of given by adding at the origin a length n embedded point to the fixed curve 
Zy^ U Zy^ U Zy^. Here Z^^. is supported on the ith coordinate axis and given by the 
monomial ideal determined by the partition pi in the transverse directions. Because (C*)^ 
acts on these Hilbert schemes, their Euler characteristics can be computed by counting 
(C*)^ fixed points, namely monomial ideals. This leads to the combinatorial interpreta¬ 
tion of — it is the generating function for the number of 3D partitions with 

asymptotic legs given hy {pi, p 2 , ps}. 

We thus get the following formula 


a=0 a 


V0(l)a(p) 

V00a(p) 


which completes the proof of Proposition l4.ll 


“^i.e. identifying the partition a with its Ferrer’s diagram a C (Z>o)^, the ideal of Za is generated by the 
monomials where ( 2 , j) 0 oc. 
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Figure 4. tt : S' — is a elliptic fibration with 24 nodal fibers and a 
section a. Figure depicts a smooth fiber Fy over a point i/ € P^ and a 
nodal fiber over a point x G P^. 



Lemma 4.3. The generating function for the universal series F(a) is given by the follow¬ 
ing formula 


a=0 


F{a)q^ = n 


(1 - g’") 


(1 — — p 


Proof Using the Okounkov-Reshetikhin-Vafa formula for the vertex Cl] eqn 3.20], the 
sum 




V0(l)a(F) 

V00a(p) 


can be expressed as the trace of a certain natural operator on Fock space. It can be evaluated 
explicitly by a theorem of Bloch-Okounkov ||2| Thm 6.5]. The result is the product formula 
given by the lemma. See ii for details. □ 


Substituting the formula of the lemma into equation Q we get 

_ 1 OO 

Dto(X) = [] (1 - g-)-20(l -pg™)-2(l 

'' m—1 

which proves the g = 0 formula in Theorem l2.4l assuming that we can show 

DTo(X) = -DTo(X). 

We will address this issue in section|6] 


5. The case of h = 1. 

We now consider the case where S has a primitive curve class /3 with = 0. Such K3 
surfaces are elliptically fibered with fiber class /3. By our genericity assumption, we may 
assume that the elliptic fibration tt : S' —P^ has 24 singular fibers, all of which are nodal, 
and we will further assume that the fibration has a section (see figure|4]i. 

Recall that the Hilbert scheme decomposes into a disjoint union 

HiibTd."(x) = Hilbi’rt’"(>^) U Hilb^ifg”(2s:). 

We can fix a slice for the E action on Hilb^grt"(^) by requiring that the unique vertical 
curve lies in S x {xq}. In the case where the subscheme has a diagonal curve, we require 
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Figure 5. A configuration which includes a thickened horizontal curve 
(green) attached to the node of a nodal vertical curve (orange). For the 
contribution to be non-zero, embedded points (blue) must occur along 
horizontal curves attached to the vertical curve or on the vertical curve. 



that the diagonal curve intersects the slice S x {tcp} somewhere on the section. Denoting 
the above conditions with the subscript fixed, we get 


and so 

q DTi(X) = e (Hilb:;,;,^,(X)) + e • 

We get a map 

induced by the elliptic fibration S' ^ since each subscheme parameterized by Hilb^g* ’*|^gj (^) 

has a unique vertical curve which is a fiber curve. Let Fy denote the fiber of S over 
y. Let 

Hilb^;-"(X) C 

denote the sublocus which parameterizes subschemes whose unique vertical component is 
Fy X {xo}- 

We will see below that the Euler characteristic of Hilb^^’"(X) only depends on the 
topological type of the fiber, i.e. whether it is smooth or nodal. We write a generic smooth 
fiber as F and any nodal fiber as N. Integrating over the fibers of r, we get 


e = -22e (Hilb^-’-(X)) + 24e (Hilbb*’*(X)) 


where the —22 is e(P^ — 24pts). See figure |5] for a depiction of a curve configuration 
corresponding to a point in HilbJ)*’*(Ar). 

The computation of e ^Hilb^*’*(Ar)^ and e ^Hilb]^*’*(X)^ follows the same strategy 

as the computation of e ^Hilb^j^*j* (X)^ done in section|4] We use the product decompo¬ 
sitions 


Hilbb*’*(A:) = Hilb^*’* (^Xfxe) ■ Hilb^’*’* {X -F xE) 
Hilb]^*’*(A:) = Hilb]^*’* (xATxis) • Hilb^’’’* (X-NxE) 
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and we use the extra E actions on the second factors to deduce 

OO 

m—1 

OO 

e (Hilb]^'’'(X)) = e (mib]^''' (x^xe)) • n 

m—1 

where 24 = e{S — F) and 23 = e{S — N). 

Proceeding as we did in section]?] we use the maps 

p : Hilb]^*’* (Xfxe) ^ Sym'(F) 

p : Hilb]^*’* (x^xe) ^ Sym'(iV) 

which record the location and multiplicity of the horizontal components. The argument 
proceeds exactly as it did in section |4| with F and N playing the role of Cq. 

The result for the smooth fiber case is the following; 

de= P*(l) de 

'{Xfxe) Jsym’(F) 

\a^0 

= 1 . 

This result comports with the heuristic that F acts on X^xe and hence on Hilb^*'* (^Xp^E 
and so the Euler characteristic is 0 except for the unique F-fixed subscheme, i.e. the sub¬ 
scheme consisting of just the curve F x {xq} with no added horizontal components or 
embedded points. However, this is only a heuristic: F does not act algebraically on the 
formal neighborhood XpxE since the elliptic fibration is not isotriviafl. 

The situation for nodal fibers is a little different because of the presence of the nodal 
point z G N. The constructible function p*(l), which is given by taking the Euler charac¬ 
teristic of the fibers of the map 

p : Hilb]^*’* (^Xjvxe) Sym* N, 

has the following form. Let yi,... ,yi be non-singular points of N and let z € X be 
the nodal point. Then p~^{hz + 'Yl o-iVi) parameterizes subschemes of X, supported on 
Xnxe, which have fixed curve support 

N X {xo} U {z} X F Ui {y^} x E 

where the multiplicity along {z} x E is b and the multiplicity along {yi} x E is a^. 
Such a subscheme is determined by its restriction to the formal neighborhoods X{z]xe^ 
X{j,i}xEj ■ ■ ■; ^{i/i}xE and their complement U. The contribution of the Euler character¬ 
istic of U is given by 

(i-p)-(^°) = (i-py 




^Conceivably, there might be a topological action of F on Hilb^^’’^ 
heuristic rigorous. 


x. 


which would make this 
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where N° = N — {z^yi,... ^yi}. Therefore we see that 

i 

p*(l)(6z + ^ aiyi) = N{b) F{a^) 

where F{a) is as in section[4l and 

7V(6) = e (Hilbi’"’- 

where 

(^{4xis) C Hilbi-'’’"(X) 

is the sublocus parameterizing subschemes Z whose curve support is given by the union 
of TV X {xo} and a 6-fold thickening of {z} x E and such that all embedded points are 
supported on X^zjxE- 

So pushing the integral to Sym* N and applying lemma|4j2]we get 


/ p*{l)de 

JSvm* N 


/ 1 de = 

'm\h]}’’’{XNxE) JSym-N 


JSym-iN-{z}) 
/ oo ^ 

= ^F(a)g“ 

\a=0 / 


]^F(ai) de 

i 

. e(tv-{4) , 


JSym-{{z}) 

CSO 

Y,N{b)q^ 


Nib) de 


\b=0 


Note that e(A^ — {z}) = 0 so that the i^(a) term doesn’t contribute. 
We compute the TV (6) contribution by using the (C*) action on 

X{^}xE = Spec(C[[u,'u]]) X E 

and arguing as in section |4l We find 


OO OO 

^TV(6)(7' = (mib'’'’- 

b^O b^O 

oo 


6=0 /3I-6 

|g| V(l)(l)/3(p) 

V00/3(p) 


= E 


We see that fact that the curve TV has a node is manifest in the term in the numerator: 
the vertex \/[i)(i)pip) is counting curve configurations which are locally monomial at the 
nodal point {z} x {a:o} where the curve is degree 1 along the two branches of the node 
and has the monomial thickening given by /3 along the E direction. 

Putting this and the earlier computations together, we find that the total contribution of 
the components with vertical curves is given by the following: 

I V(1)(1)/3(P) 


e (Hilb,Vrt*xed(^)) = - 22 n (1 - + 24 n (1 - ■ E 


d/5|. 


m—1 

oo 


= 24n(i-' 


\-24 


--i+n(i- 9 ")E' 


m—1 


131 V(1)(1)/3(P) 1 

V0,0,3(p) j 
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Proposition 5.1. The following identity holds: 


Y[il-q^)y2q\P\ 

m=l /3 


V(1)(1)/3(P) 


1 + 


p 

(l-p)2 


d—1 k\d 


Proof sketch: Using the Okounkov-Reshetikhin-Vafa formula for the topological vertex 
uni Eqn 3.20], and some standard combinatorics, one can rewrite the left hand side of 
the above equation so that it is given in terms of Bloch-Okounkov’s 2-point correlation 
function ||2] Eqn 5.2]. Namely, one can show that it is given by 1 — U(fi, ^ 2 ) in the limit 
where ti and ^2 approach p and p~^ respectively. The limit can be evaluated explicitly 
using II 2 ] Thm 6.1] and this leads to the right hand side of the formula. Details can be 
found in jh]. 

Plugging in the proposition’s formula into the previously obtained equation, we see that 
the non-diagonal contribution to DT 1 (X) is given as 

00 I -| 00 

e (Hilbi-Led(^)) = 24 n (1-9™)-^^ ^ + 7T^ + E E Kp^+P-^V 

m=l I d=l k\d 


5.1. Diagonal contributions. To finish our computation of bTi(X), it remains to com¬ 
pute e 

Let C C X be a diagonal curve. The projections onto the factors of X = S' x i? induce 
maps 

PS 'C Fy 
Pe-C^E 

where Fy is a fiber curve, and the maps have degree 1 and some d > 0 respectively. Fy 
cannot be a nodal fiber since then C would have geometric genus 0 and consequently it 
would not admit a non-constant map to E. The above maps induce a map 

f-.Ey^E 

which must be unramified by the Riemann-Hurwitz formula. Thus the diagonal curve C 
is contained in the surface Ey x E and is given by the graph of the map /. Recall that we 
fixed a slice for the E action on Hilbj|’^g"(X) by requiring that the diagonal curve meets 
SxQ at the section; this is equivalent to requiring that /(s) = xq where s G Fy is the 
section point on Fy. Up to automorphisms, such a map / must be a group homomorphism 
of the corresponding elliptic curves. Assuming that E is generic, so that the only non¬ 
trivial automorphism is given by a; 1 -^ —x, we see that every diagonal curve (with the fixed 
condition) is of the form 

{{z, f{z)) GFyXE} or {{z, -/(z)) G Ey x E} 

where f : Fy ^ E is a group homomorphism. 

The number of group homomorphisms of degree d to a fixed elliptic curve E is given by 
This classical fact can be seen by counting index d sublattices of Z © Z. Eor each 
such cover, E E, the domain elliptic curve will occur exactly 24 times in the fibration 
S' —>• P^. So we find that the total number of diagonal curves having degree d in the E 
direction is 

2 • 24Efc- 

k\d 
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Each such diagonal curve can be accompanied by horizontal curves (with thickenings) as 
well as embedded points. The contribution of these components of the Hilbert scheme is 
computed in exactly the same way as the contribution of the curves with a smooth vertical 

component F. Recall that e ^Hilb^*’*(X)^ = nm=i(l ~ Taking into account 

the degree of the diagonal curves, we thus find 

OO 

e(Hilb^,TfixedW)= 11(1 

m—1 

Finally, adding the vertical and diagonal contributions together we arrive at 

OO I ^ OO 

DTi(X) = 24g-i J] (1 _ ^ ^ + p-k + 2)5^ 

m=l [ ' d=l k\d 

Note that this formula is off from the desired formula for DT h=i{X) by an overall mi¬ 
nus sign and a minus sign on the 2. In fact we will see in section|6]that due to the Behrend 
function, the contribution of the diagonal components carry the opposite sign of the con¬ 
tribution of the vertical components. Denoting the contribution to DTi(X) coming from 

Hilbvert*fixed(^) ^Om Hilb^;;g*i^^j(X) by DTi,„ert {X) and DTi cijag(2f) respectively, 
we find that we need to show 

DTi(X) = -Dti,vert(^) + DTi,di 3 g(X). 

6. Putting in the Behrend eunction 

6.1. Overview. Our general strategy for computing DT(2f), the unweighted Euler char¬ 
acteristics of the Hilbert schemes, utilized the following general scheme. 

(1) Using the geometric support of curves (and/or points) of the subschemes, we strat¬ 
ified Hilb(X) such that the strata could be written as products of simpler Hilbert 
schemes. 

(2) We utilized actions of C* or E which could be defined on individual factors in the 
stratification to discard strata not fixed by the action and restrict to fixed points. 

(3) We found that some strata were parameterized by symmetric products, and we 
pushed forward the Euler characteristic computation to the symmetric products 
where we used Lemma 14^21 

(4) After possibly iterating steps (l)-(3), we reduced the computation to counting 
discrete subscheme configurations, namely those which are given formally locally 
by monomial ideas. These we counted with the topological vertex. 

The Behrend function is not compatible in any naive way with the Grothendieck ring 
(the Grothendieck ring is insensitive to singularities and non-reduced structures), but it is 
compatible with a modification of the Grothendieck ring, namely the Hall algebra. The 
main thing we need to do to make our strategy compatible with the Behrend function 
weighted Euler characteristics is to show that our various decompositions of the Hilbert 
scheme strata (step (1) above) can be written in terms of products in the Hall algebra. Fi¬ 
nally, we will need to compute the value of the Behrend function at the locally monomial 
schemes, which we do using a computation of Maulik-Nekrasov-Okounkov-Pandharipande 

il. 

We use Joyce and Song’s theory Q, particularly Bridgeland’s approach to Donaldson- 
Thomas invariants via Joyce-Song theory iiEi. We outline this approach briefly here. 
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For an arbitrary Calabi-Yau threefold X, let Coh<i (X) C Coh(X) be the subcategory 
of coherent sheaves on X which are supported in dimension one or less. Let 

M=[}Mp,n 

/3,n 

be the moduli stack of objects in Coh<i (X) where M is the component whose objects 
have Chern character (0,0, /3, n) S H^'"{X). Let 

Hall(X) 

be the relative Grothendieck group of stacks over We equip Hall(X) with an associate 
product (the Hall product) which is defined in terms of extensions: let 

[f :V ^M],[g:U ^M]e Hall(X), 

then the Hall product is given by 

[f : V ^ M]*[g : U ^ M] = [h : W ^ M] 

where W is the stack whose objects are triples {v, u, E) where v € V, u € U and E is 
an extension of g{u) by f{v). The map h is given by {v, u, E) i—)• E. The Hall product is 
associate but typically non-commutative. 

Let iJreg(A) C Hall(X) be the subalgebr^ generated by elements of the form [/ : 
E[ Al] where H isa scheme. We define the Joyce-Song integration map by 

$ : iJ,eg(A) ^ ZM)[[q]] 

[/: iJAl] Vp"/ /" f*{vM)de 

0,n 

where i/m : A^ —Z is the Behrend function. 

Theorem 6.1 (Joyce-Song). The map $ is an algebra homomorphisn^ 

The Hilbert schemes define an element 

[/ : Hilb(A) ^ Al] e iJ'reg(A) 

where the map / is given by Z i— Oz- Bridgeland shows |[3] Thm 3.1] that the Behrend 
function on the Hilbert scheme differs from the Behrend function on A1 by (—1)": 

( 6 ) 

Thus we see that since we defined the Donaldson-Thomas partition function DT{X) by 
DT{X) = Y,DTp,^{X) 

^,71 

then 

DT{X) = $([/ : Hilb(X) ^ Alj). 

We now return to the case of X = S x E where S has a fixed primitive curve class /3 of 
square 2h — 2. To make the Hall algebra machinery compatible with our bullet convention, 
we formally label the component Mp+dE,n by the monomial p^q^. That is, we regard 
elements in Hall(A) as formal power series in p and q whose coefficient is in the 


^Hreg{X) is closed under the Hall product when viewed as a ifolVarcjlL algebra. 

^Even more is true: there is a Poisson structure on Hrsg{X)/(I, — 1) such that <I> is a Poisson algebra 
homomorphism. We won’t need this however. 
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relative Grothendieck group of stacks over M.f 3 +dE,n- The integration map is then given 
by 

^ ■ ^P+dE,n Mp+dE,u]p'^(f ^J2[[ /*(i^A</3+dE.„) j p^q‘^. 

d,n d,n YHl3+dB,r, ) 

Recall that 

Hilb^’"’^(X) ^ Hilb^ert‘'(^) LJ Hilbji’”/(X) 

and that 

Hiib^.".^(X)/i? = Hilb,t;’Ld(^) U Hilb,".Qt^,(X) 

where we have identified the quotient on the left with a slice for the action defined geomet¬ 
rically via the “fixed” condition. 

We adapt the bullet convention to the Hall algebra so that, for example, Hilbyg*’*,^^^ (X) 
denotes the element 




q’^p 


n 


in Hall(X). 

In the Hall algebra language, we find that the partition functions for the reduced Donaldson- 
Thomas invariants of X are given by 

q ■ DJniX) = -$ (Hilbt:;(X)) . 

The minus sign is due to the fact that the Behrend function on the quotient differs from the 
Behrend function of the slice by a factor of —1 since the map to the quotient is smooth of 
relative dimension 1. 

To make our previous arguments work for the Behrend function weighted Euler charac¬ 
teristics, we need to check that every time we wrote a stratification of the Hilbert scheme 
into strata written as products of simpler Hilbert schemes, that product is induced by the 
Hall product of the underlying structure sheaves. 

For example, the product in the Grothendieck group given by equation O was in¬ 
duced by decomposing a subscheme into components supported in the formal neighbor¬ 
hood XcoxE and components supported on its complement. The same equation holds 
in the Hall algebra since if a subscheme Z is given as the disjoint union Z = Zi Li Z 2 
of subschemes Zi and Z 2 , then Oz is the uniqu^ extension of Ozi by Oz^ given by 
Oz^ © 0^2 ■ 

We also obtained product decompositions of Hilbert schemes arising from subscheme 
configurations which have some fixed subscheme. For example, the subschemes Z param¬ 
eterized by Hilb^j,gj" (^Xcoxe^ (depicted in Figure^ always have Cq = Co x {a;o} as a 
subscheme. The exact sequence 


0 —>■ Ico/z C)z —>■ Oco 0 

induces the product in the Hall algebra 

{Xcoxe) = (Xcoxi^) *Hilb°;°i°(X) 


is perhaps worth remai'king that automorphisms are not an issue here. Elements in the Hilbert scheme 
can be viewed as pairs Ox Oz with the map Hilb(X) —>■ J\A given by [Ox —^ Oz\ Oz- While the 
sheaves Oz^^ Oz 2 ^ ® Oz 2 have complicated automorphism groups, the objects [Ox —^ Oz^], 

[Ox G 22 ]’ ^nd their Hall product [Ox Oz^ © Oz 2 \ automorphism free. 




THE DONALDSON-THOMAS THEORY OF ATS X E VIA THE TOPOLOGICAL VERTEX. 


19 


where (X) is a single point (labelled by p^q^) representing the subscheme Co and 

^XcoxE^ parameterizes the ideal sheaves Ico/z of C'o in the (varying) subschemes 
Z. The sheaves Ico/z are supported on a collection of formal neighborhoods of the form 
^{yixE} and their complement U C Xcqxe and so we get a direct sum 

ICo/Z = ICo/z\u ©* 

which induces a product in the Hall algebra. This product is the same as the product in the 
Grothendieck group that we used in the beginning of S I4.1I 

A little later in the same section, we did something similar: we decomposed 

into products according to the support of the embedded points. Recall that a is a partition 
and Hilb°’“’*(X{j^j xe) parameterizes subschemes whose curve component is the unique 
curve given by 

Ca = Co X {o^o} U Za X E. 

Thus the ideal sheaf Icc/z given by 

0 —>■ Ica/z Cz —>■ Ccc 0 

is supported on points. Similarly to the previous case, the decomposition Ica/z into a 
direct sum of sheaves supported on a single point induces a product in the Hall algebra 
which is the same as the product in the Grothendieck group that we used in section 14.11 
namely the products induced by the stratification in Sym* E. 

Thus we’ve seen that the stratification and product decompositions that we did in the 
Grothendieck group can be carried out completely in the Hall algebra. We also employed 
actions of (C*)^, (C*)^, and E on various strata. These actions are compatible with the 
Behrend function since they arise from actions on the underlying geometry (e.g. formal 
neighborhoods of points or horizontal curves). 

We are thus reduced to computing the contribution of subschemes which are formally 
locally monomial. In the Grothendieck group computation, these were each counted with 
weight 1; we now need to count them weighted by the value of the Behrend function at the 
corresponding point in the Hilbert scheme. 

Proposition 6.2. 

• The value of the Behrend function o/Hilb^(,gj" {X) at a subscheme given formally 
locally by monomial ideals is given by (— 

• The value of the Behrend function o/Hilb^g^^”jj^gj(Ar) at a subscheme given for¬ 
mally locally by monomial ideals is given by (—1)”“'"^. 

• The value of the Behrend function at a subscheme given for¬ 

mally locally by monomial ideals is given by (—1)”. 

As an immediate corollary, we get the desired relations between the DT and the DT 
partition functions: 

Corollary 6.3. 

DTo(X) = -Dto(X), 

DTi(X) = -Dti,vert(^) + Dti,diag(X). 

So to complete the proof of our main theorem. Theorem 12.41 it remains only to prove 
Pror)osition l6.2l 
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6.2. Proof of Proposition 16.21 We begin by reducing the computation to the case of lo¬ 
cally monomial subschemes without embedded points. 

Let Z C 26 be a subscheme which is formally locally given by monomial ideals. Let 
Z° C ^ be the maximal Cohen-Macaulay subscheme in Z. It has the property that the 
ideal sheaf lz° jz is supported at a collection of points {pi,... ,pfe}. Then the exact se¬ 
quence 

0 —y Iz° jz —^ ^z —^ ^z° —^ 0 

and the splitting 

lz° jZ = ®Ll {Jz°iz) \pi 

give rise to products in the Hall algebra. Consequently, the values of vj^, the Behrend 
function on the moduli stack of sheaves, obeys 

k 

( 7 ) vm{Oz) = vm{Oz°)W_vm{Iz°/ z\pi)- 

i=l 

We will determine the value of vm{Iz°/ z\pi) using the computation of Maulik-Nekrasov- 
Okounkov-Pandharipande (MNOP) |[8l who computed the value of the Behrend function 
of the Hilbert scheme of a toric Calabi-Yau threefold at torus invariant subschemes. 

Lemma 6.4. Let Iz°/z\pi be as above, then vm{Iz°/ z\pi) = 1- 

Proof. Let kP be a toric Calabi-Yau threefold and let Y C VP be a torus invariant, 1- 
dimensional subscheme. Let vnnbiw) be the Behrend function on Hilb(VP). MNOP 
determines an explicit formula for i^Hiib(M 2 )(Y) in terms of toric data. Comparing their 
formula for Y and for Y° C Y, the maximal Cohen-Macaulay subscheme, their result 
gives 

l^Hilb(M2)(V^) = • l^Hilb(W)(^°)- 

Let i'M(w) be the Behrend function on A4(W), the moduli stack of sheaves on VP. Then 
using equation (|6]l and simplifying we see 

’^M{W){Oy) = 

On the other hand, the exact sequence 

0 —y Iy° jY —^ ^ C?Y° —^ 0 

gives a product in the Hall algebra, applying the integration map, implies that 
^M(W)((^y) = i'M(W)UY°IY) • i^M(W)((^Y°) 
and so we conclude that 

vm{y){Iy°/y) = 1 

for any Y. 

Returning to Z C 26, we know that Iz°/z\pi is supported in the formal neighborhood 
Xp^ = SpecC[[a;i, a: 2 , aJa]] and is torus invariants. The formal neighborhood of the moduli 
stack A4{X) at the point /z|pj G Xi{X) is isomorphic to a formal neighborhood of 
[/yo/y] g M.{Y) for some appropriately chosen toric Y° C Y C VP. Since the Behrend 
function at a point is determined by a formal neighborhood of that point, we conclude that 

^M(X)iIz°/z\pi) = Vm{Y){Iy° Iy) = 1- 

□ 
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Applying the lemma to equation 0 and using the equation ® we get 

The proof of Proposition 16.21 is thus reduced to determining the value of r'Hiib(x) at sub¬ 
schemes Z° d X which are Cohen-Macaulay and formally locally monomial. This is 
done in the following: 

Lemma 6.5. There is a non-singular open set in Hilb^^gj"(X) of dimension 2d n — 1 
which contains all the Cohen-Macaulay formally locally monomial subschemes. Simi¬ 
larly, there are non-singular open sets in Hilbfj^gj"^,g|.((X) and in HilbJj^gj"j| 3 g(X) of di¬ 
mension 2(i + n + 1 and 2d -\- n respectively which contain all the Cohen-Macaulay 
formally locally monomial subschemes. Consequently, the value of the Behrend function 
on Hilb^;gj"'(X), and at such subschemes is (-l)"+\ 

(—anii (—1)" respectively. 

Proof. Consider the locus of points in Hilb^^gj"(X) parameterizing subschemes of the 
form 

Z X EVJCqXXq 

where Z C S' is a zero dimensional subscheme of length d. Such subschemes will neces¬ 
sarily satisfy the condition that Z CCq has length 1 — n. The locus of such subschemes 
can thus be identified with locally closed subset of Hilb‘^(S) given by the condition that 
ZHCq has length 1 — n. This subset is smooth and of codimension 1 — n, hence dimension 
2d -\- n — 1. Finally, the locus of such subschemes is open in Hilb^^gj”(X) as any defor¬ 
mation of such a subscheme is a subscheme of the same type. A similar argument works 
for the other two cases with slightly different dimension counts. □ 

7. Prospects for h> 1 

Our strategy can be applied to the case of computing DT h {X) for h> \ although some 
new issues and complexities aries. Our method is predicated on two main things: 

(1) Having a detailed understanding of the possible curve support of subschemes in 
the class Ph + dE. 

(2) Having the singularities of the curves be formally locally toric so that vertex meth¬ 
ods can be applied. 

Addressing issue (1) grows increasingly difficult as h gets larger. For relatively small 
values of h, one has a pretty explicit understanding of the curves in the linear system of 
Ph. To address (1) fully also requires understanding “diagonal” curves. This amounts to 
solving the following interesting enumerative question about KZ surfaces: 

Question 7.1. Given a K3 surface with a irreducible curve class p of square 2h — 2, how 
many curves of geometric genus g are in the class p which admit a degree d map to a 
(fixed) elliptic curve E? 

Note that genus g curves on a ATS surface always move in an g dimensional family, and 
the dimension of genus g curves admitting a degree d map to an elliptic curve E is 2g — 3 
(independent of d) and thus is codimension g in Mg. Therefore this is a dimension zero 
problem. 

Addressing issue (2) requires some new ideas. Starting at = 2, one must confront 
curves with singularities worse than nodes. For small h, one should be able to finesse 
around this issue. For example, for h = 2, one will need the contribution of a curve in 
K3 with a cusp, with a d-fold thickening of E attached at the cusp. This is not locally 
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toric and so its contribution cannot be computed using the vertex methods that we used 
for locally toric subschemes. However, this contribution can be fully determined from the 
h = 1 results as follows. One redoes the h = 1 computation using an elliptically hbered 
K3 which has a cuspidal singular hber. This will enable one to reverse engineer the cusp 
contribution which one can then apply to compute the h = 2 case fully. However, it isn’t 
clear how far one can get with this inductive sort of strategy. 

A more satisfying way to handle a contribution from arbitrary surface singularity would 
be to relate this contribution to the knot invariants of the link of the singularities. This 
would be in keeping with the work of Shende and Oblombkov ifTOl although it doesn’t 
appear that their results direct apply. 


References 

[1] Kai Behrend. Donaldson-Thomas type invariants via microlocal geometry. Ann. of Math. (2), 170(3):1307- 
1338, 2009. arXiv:math/0507523. 

[2] Spencer Bloch and Andrei Okounkov. The character of the infinite wedge representation. Adv. Math., 
149(l):l-60, 2000. arXiv:alg-geom/9712009. 

[3] Tom Bridgeland. Hall algebras and curve-counting invariants. J. Amer. Math. Soc., 24(4):969-998, 2011. 
ai-Xiv: 1002.4374. 

[4] Tom Bridgeland. An introduction to motivic Hall algebras. Adv. Math., 229(1): 102-138, 2012. 
arXiv:1002.4372. 

[5] Jim Bryan and Mai'tijn Kool. Donaldson-Thomas invariants of local elliptic surfaces via the topological 
vertex. In preparation. 

[6] Jim Bryan, Martijn Kool, and Ben Young. Trace identities for the topological vertex. In preparation. 

[7] Dominic Joyce and Yinan Song. A theory of generalized Donaldson-Thomas invariants. Mem. Amer. Math. 
Soc., 217(1020):iv+199, 2012. ai-Xiv:math/0810.5645. 

[8] D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande. Gromov-Witten theory and Donaldson- 
Thomas theory. I. Compos. Math., 142(5): 1263-1285, 2006. arXiv:math.AG/0312059. 

[9] Georg Oberdieck and Rahul Pandharipande. Curve counting on K3 x E, the Igusa cusp form xiO’ ^^d 
descendent integration. arXiv:math/1411.1514. 

[10] Alexei Oblomkov and Vivek Shende. The Hilbert scheme of a plane curve singulaiity and the HOMFLY 
polynomial of its link. Duke Math. J., 161(7):1277-1303, 2012. 

[11] Andrei Okounkov, Nikolai Reshetikhin, and Cumrun Vafa. Quantum Calabi-Yau and classical crystals. In 
The unity of mathematics, volume 244 of Progr. Math., pages 597-618. Birkhauser Boston, Boston, MA, 
2006. arXiv:hep-th/0309208. 

[12] Tony Pantev, Bertrand Toen, Michel Vaquie, and Gabriele Vezzosi. Shifted symplectic structures. Publ. 
Math. Inst Hautes Etudes Set, 117:271-328, 2013. arXiv:math/l 111.3209. 

Department OF Mathematics, University of British Columbia, Room 121, 1984 Mathemat¬ 
ics Road, Vancouver, B.C., Canada V6T 1Z2 


